Abstract. We give a complete characterization of invariant integrable complex structures on principal bundles defined over hermitian symmetric spaces, using the Jordan algebraic approach for the curvature computations. In view of possible generalizations, the general setup of invariant holomorphic principal fibre bundles is described in a systematic way.
Introduction
The classification of hermitian holomorphic vector bundles, or more general holomorphic principal fibre bundles, over a complex manifold M is a central problem in algebraic geometry and quantization theory, e.g. for a compact Riemann surface M. In geometric quantization, where M = G/K is a co-adjoint orbit, G-invariant principal fibre bundles have been investigated from various points of view [Bo, Ra, OR] . In case M is a hermitian symmetric space of non-compact type, a complete characterization of invariant integrable complex structures on principal bundles over M was obtained in [BM] (for the unit disk) and [Bi] (for all bounded symmetric domains).
The main objective of this paper is to treat the dual case of compact hermitian symmetric spaces, and to show that the compact case (as well as the flat case) leads to exactly the same characterization, resulting in an explicit duality correspondence for invariant integrable complex principal bundles (with hermitian structure) between the noncompact type, the compact type and the flat type as well. The proof is carried out using the Jordan theoretic approach towards hermitian symmetric spaces [Lo, FK] . Of course, the traditional Lie triple system approach could be used instead, but Jordan triple systems (essentially the hermitian polarization of the underlying Lie triple system) make things more transparent and somewhat more elementary.
More importantly, the Jordan triple approach leads in a natural way to more general complex homogeneous (non-symmetric) manifolds G/C where C is a proper subgroup of K. These manifolds are fibre bundles over G/K with compact fibres given by Jordan theoretic flag manifolds. Again, there exists a duality between such spaces of compact, noncompact and flat type, and in a subsequent paper [BU] the duality correspondence for invariant fibre bundles, proved here in the hermitian symmetric case C = K, will be studied in the more general setting. In view of these more general situations, the current paper describes the general setup for homogeneous holomorphic principal fibre bundles in a careful way, specializing to the symmetric case only in the last section.
As a next step beyond the classification, its dependence on the underlying complex structure on M is of fundamental importance. While the hermitian symmetric case G/K has a unique G-invariant complex structure, the more general flag manifold bundles G/C have an interesting moduli space of invariant complex structures. It is a challenging problem whether this moduli space carries a projectively flat connexion (with values in the vector bundle of holomorphic sections) similar to the case of abelian varieties, [Mu] , [We] , or Chern-Simons theory [ADW] , [Wi] .
From the geometric quantization point of view, it is also of interest to describe the spaces of holomorphic sections, given by suitable Dolbeault operators, in an explicit way.
Homogeneous H-bundles
Let M be a manifold and G a connected real Lie group, with Lie algebra g, acting smoothly on M. Denoting the action G × M → M by (a, x) → a(x), we define R ∀ (a, x) ∈ G × M.
Let H be a connected complex Lie group; its Lie algebra will be denoted by h. Fix a maximal compact subgroup L ⊂ H; all such subgroups are conjugate in H. The Lie algebra of L is denoted by l. Let Q be a C ∞ principal H-bundle over M, with projection π : Q → M = Q/H. The free action Q × H → Q is written as (q, b) → qb. Define R
• π for all a ∈ G, b ∈ H. A hermitian structure on a principal H-bundle Q is a principal subbundle P ⊂ Q with structure group L, i.e., we have
and the action of L on the fibre P x is transitive for all x ∈ M. We also say that (Q, P ) is a hermitian H-bundle. An equivariant hermitian H-bundle is an equivariant H-bundle Q endowed with a hermitian structure P ⊂ Q such that G · P = P, i.e., we have
In this case P becomes an equivariant L-bundle. When G acts transitively on M, we call Q a homogeneous H-bundle. In the homogeneous case, fix a base point o ∈ M and put
Then M = G/K. The Lie algebra of K will be denoted by k.
The following proposition is straight-forward to prove.
Proposition 2.1. Let f : K → H be a (real-analytic) homomorphism. Consider the quotient manifold
consisting of all equivalence classes 1) with g ∈ G, h ∈ H and k ∈ K. (This bracket notation is used to avoid confusion with the commutator bracket.) Then Q becomes a homogeneous H-bundle, with projection
In the set-up of Proposition 2.1, the maps L
be the inner automorphism induced by ℓ.
which is unique up to conjugation by elements ℓ ∈ H. Similarly, every hermitian homogeneous H-bundle (Q, P ) is isomorphic to the pair
Proof. Let Q be a homogeneous H-bundle. Choose o ∈ Q with π(o) = o. Since the fibre Q o is preserved by K, and H acts freely on Q o , there exists a unique map f o : K → H such that (2.2) holds for all k ∈ K. Then
The resulting identity
Thus the new base point o ′ corresponds to the conjugate homomorphism
In both cases, since G acts transitively on M, the G-invariance condition implies that the entire construction is independent of the choice of base point o ∈ M.
In view of (2.2), the homomorphism f o could be denoted by
In this notation, the identity I −1
o is obvious. It will be convenient to express the tangent spaces in an explicit manner using equivalence classes. Note that the differential d e f : k → h of f at the unit element e ∈ K is a Lie algebra homomorphism.
Lemma 2.3. For a given class g|h ∈ Q := G × K,f H the tangent space T g|h Q consists of all equivalence classes
Here we regard T G and T H as the disjoint union of the respective tangent spaces, so that the first expression is evaluated at g|h whereas the second expression is evaluated at the same class written as gk −1 |f (k)h . The identity follows from differentiating the relation g t |h t = g t k −1 t |f (k t )h t at t = 0, where k t ∈ K satisfies k 0 = k and ∂ 0 t k t = κ. As special cases we obtain
2.4) putting κ = 0 or k = e, respectively. The projection π has the differential
Thus the vertical subspace is given by
Connexions and complexions
We use the same symbol for the associated connexion 1-form Θ q : T q Q → h on Q, uniquely determined by the condition that X ∈ T q Q has the horizontal projection
In this case the associated connexion 1-form satisfies
h β] | q ∈ Q x , β ∈ h} for x ∈ M, with h ∈ H being arbitrary. By [KN, Section II.5 ] every tensorial i-form on Q is given by
is an i-form of type Ad H (on M), with homogeneous lift C Q q :
i T x M → h having the right invariance property
is a connexion 1-form on Q. Every connexion 1-form Θ on Q arises this way.
(ii) In the equivariant case, let Θ 0 be an invariant connexion on Q. Then Θ is invariant if and only if C is invariant, i.e.,
Since d q π is surjective, (3.3) follows. The converse is proved in a similar way.
If (3.2) holds, we say that Θ is related to Θ
. By [KN, Proposition II.6 .2] every connexion Ξ on P has a unique extension to a connexion ιΞ on Q such that
Equivalently, the connexion forms satisfy
A connexion Θ on Q is called hermitian if Θ = ιΞ for a (unique) connexion Ξ on P. Thus hermitian connexions on Q are in 1-1 correspondence with connexions on P. A connexion Ξ on P is invariant if and only if its extension ιΞ is invariant.
For hermitian H-bundles (P, Q), we have i-forms of type Ad L written as
(3.4) Let l be the Lie algebra of L. For each x ∈ M, there is a linear injection of fibres
where p ∈ P x , β ∈ l and ι : l → h is the inclusion map. The map ι x is well-defined because
Then A is invariant in the sense that
if and only if ιA is invariant as in (3.1).
is a connexion 1-form on P . Every connexion 1-form Ξ on P arises this way. We also have
(ii) In the equivariant case, let Ξ 0 be an invariant connexion on P. Then Ξ is invariant if and only if A is invariant, i.e.,
(3.6) If (3.5) holds, we say that Ξ is related to Ξ 0 via A. In this case, ιΞ is related to ιΞ 0 via ιA. Now suppose that (M, j) is an almost complex manifold, with almost complex structure j x ∈ End(T x M), x ∈ M, having the left invariance property
Let H be a complex Lie group. Consider the bi-invariant complex structure i h ∈ End(T h H) on H such that i e ∈ End(h) is multiplication by √ −1. See [At] , [Kos] for complex structures on principal bundles.
By right invariance the condition (3.9) is equivalent to
Since the fibre (Q × H h) x is a complex vector space, the notion of (p, q)-forms of type Ad H makes sense.
10) defines a complexion J on Q. Every complexion J on Q arises this way.
(ii) Let J 0 be an invariant complexion on an equivariant bundle Q. Then J is invariant if and only if B is invariant, i.e.,
Proof. By (3.7) we have
aq is invertible, (3.11) follows. The converse is proved in a similar way.
If (3.10) holds, we say that J is related to J 0 via B. There is a close relationship between (invariant) connexions and complexions: Every connexion Θ on Q induces a unique complexion J Θ which is "horizontal" in the sense that
In fact, for vertical tangent vectors we have 12) and if
Proposition 3.5.
(i) If a connexion Θ is related to Θ 0 via C, then the induced complexion J Θ is related to J 0 via B, where
(3.13)
(ii) Θ and Θ 0 induce the same complexion if and only if C is a
0 is induced by a connexion Θ 0 and J is related to J 0 via B, then J is induced by the connexion
which is related to
Proof. In order to check (3.10) on a tangent vector X ∈ T q Q, we may assume that X is Θ 0 -horizontal, since for vertical vectors of the form X = (d e L Q q )β, β ∈ h, both sides of (3.10) agree. Thus assume that Θ
Part (ii) is a direct consequence, since B = 0 if and only if C is C-linear.
For part (iii), since
B x yields B x via (3.13).
In the hermitian case, we can sharpen the correspondence as follows:
Proposition 3.6.
(i) For a hermitian H-bundle (Q, P ), a complexion J on Q is induced by a unique hermitian connexion ιΞ, with Ξ being a connexion on P. Thus there is a 1 − 1 correspondence between complexions on Q, connexions on P, and hermitian connexions on Q.
(ii) In the equivariant case, J is invariant if and only if Ξ (equivalently, ιΞ) is invariant.
Proof. Let Ξ 0 be a connexion on P , and let J 0 be the complexion on Q induced by ιΞ 0 . The complexion J is related to J 0 via a unique (0, 1)-form B of type Ad H . Since the Lie algebra splitting
is Ad L -invariant, the anti-linear map B x : T x M → (Q × H h) x has a unique decomposition
Let Ξ be the connexion on P related to Ξ 0 via A. By Proposition 3.5, the complexion J is induced by the hermitian connexion
For uniqueness, suppose that for two connexions Ξ 0 and Ξ on P , the extensions induce the same complexion. The connexion Ξ is related to Ξ 0 via a unique 1-form A of type Ad L . Then ιΞ is related to ιΞ 0 via ιA, and both induce the same complexion. Proposition 3.5 implies that ιA is a (1, 0)-form of type Ad H . Since A P p is l-valued, it follows that A P p = 0. Hence A = 0 and Ξ = Ξ 0 . As Ξ is invariant if and only if the complexion induced by ιΞ is invariant, the assertion (ii) follows.
Homogeneous connexions and complexions
We now turn to the homogeneous case. By Theorem 2.2 we may assume that the homogeneous H-bundle Q is given by Q = G × K,f H for a homomorphism f : K → H, with f (K) ⊂ L in the hermitian case. We fix an Ad K -invariant splitting Definition 4.1.
(ii) For a hermitian homogeneous H-bundle (Q, P ), the tautological connexion is the extension of the "tautological" connexion Ξ 0 on P with horizontal subspaces
The equivalence of the various realizations of the horizontal subspaces follows from the definition. Under right translations, we have
0 is an invariant connexion. In the hermitian case, the connexion Ξ 0 on P is also invariant.
Proposition 4.2. The connexion 1-form of the tautological connection is given by
In particular, Θ
Proof. Applying (2.4) to κ = P k γ we conclude that
This gives the direct sum decomposition into horizontal and vertical components, and
In the homogeneous case, invariance can be checked at the base point o ∈ M. An i-linear map c :
Every such map induces an invariant i-form C of type Ad H via
Equivalently, the homogeneous lift satisfies
Conversely, for any invariant i-form C of type Ad H , the map c := C Q e|e :
In the homogeneous case Proposition 3.1 yields the following:
is invariant. Hence the connexion Θ on Q = G × K,f H, related to the tautological connexion Θ 0 via C, is invariant, and also every invariant connexion is of this form.
In this case we say that Θ is generated by c, the choice of the (invariant) tautological connexion Θ 0 being understood. In the hermitian homogeneous case Proposition 3.2 yields the following:
is invariant. Hence the connexion Ξ on P = G × K,f l, related to the tautological connexion Ξ 0 via A, is invariant, and every invariant connexion is of this form.
In this case we say that Ξ is generated by a, the choice of the (invariant) tautological connexion Ξ 0 being understood. Since ιΞ 0 = Θ 0 , the invariant connexion ιΞ is generated by the f -covariant map ι • a : (ii) The hermitian homogeneous H-bundles (P, Q) endowed with an invariant hermitian connexion are in 1 − 1 correspondence with pairs (f, a) consisting of a homomorphism f : K → L and an f -covariant linear map a :
, where ℓ ∈ L is arbitrary. In the complex homogeneous case, Proposition 3.4 yields the following:
Then the (0, 1)-form B of type Ad H defined by
is invariant. Hence the complexion J on Q = G × K,f H, related to the tautological complexion J 0 via B, is invariant, and every invariant complexion J is of this form.
In this case we say that J is generated by b, the choice of the (invariant) tautological complexion J 0 being understood. Using the K-
at the base point. For a general invariant complexion J generated by
All other values can be computed via G×H-invariance. In the complex homogeneous case Proposition 3.5 yields the following:
Proposition 4.7.
(i) If an invariant connexion Θ is generated by c, then the induced invariant complexion J Θ is generated by
(ii) Θ induces the tautological complexion if and only if c :
(iii) If the invariant complexion J is generated by b, then J is induced by the invariant connexion Θ generated by −
In the hermitian homogeneous case. there is a 1-1 correspondence
This correspondence realizes the correspondence between invariant complexions and invariant hermitian connexions addressed in Proposition 3.6. Combining Propositions 4.6 and 4.7 with Theorem 2.2, we obtain the following:
Theorem 4.8. The homogeneous H-bundles Q (respectively, the hermitian homogeneous H-bundles (P, Q)) endowed with an invariant complexion J are in 1 − 1 correspondence with pairs (f, b) consisting of a homomorphism f : K → H (respectively, f : K → L) and an fcovariant anti-linear map
is arbitrary. In the hermitian case, we may equivalently consider pairs (f, a) where a : T o M → l is any f -covariant R-linear map.
Curvature and Integrability
For any connexion Θ on a principal H-bundle Q there exists a 2-form K of type Ad H giving the curvature
If Θ is invariant, the associated curvature form K is also invariant. For β ∈ h define the right action vector field ρ
Let J be a complexion on Q. Proof. Let b t = exp(tβ) .
for every vector field X on Q. Since J commutes with right translations R
, we obtain
, JY ] = 0.
Theorem 5.2. Let (M, j) be integrable. Then the complexion J Θ has the Nijenhuis tensor
where the (0, 2)-part K of K is defined by
Proof. Every X ∈ T q Q is given by X = (ξ Θ + ρ Q β ) q for some vector field ξ on M and β ∈ h. Thus it suffices to consider vector fields of the form ξ Θ + ρ Q β . By Lemma 5.1 it is enough to consider horizontal lifts of vector fields ξ, η on M. Denoting the Nijenhuis tensor of (M, j) by n(ξ, η), the integrability assumption on (M, j) implies that
From [KN, Corollary I.5 .3] we have
. In view of (5.1) the proof is now complete. 
where u ∈ m is uniquely determined by
Since P k u = 0 we obtain 2k
regard M + as the set of all quasi-inverses z a , even when B(z, a) is not invertible.) Thus we have natural inclusions is a birational automorphism of M ǫ . For ǫ = 1, 0, −1 let G ǫ denote the connected real Lie group generated by K together with the transvections (6.1). In the flat case ǫ = 0 we obtain the so-called Cartan motion group G 0 := K × Z which is a semi-direct product of K and the translations t 0 w (z) = z + w for w ∈ Z. If ǫ = 0, then G ǫ is a reductive Lie group of compact type (ǫ = 1) or non-compact type (ǫ = −1), respectively. We treat all three cases simultaneously, using the notation M ǫ and G ǫ to denote the curvature type. In all three cases we have
In the Jordan theoretic setting, the Lie algebra g ǫ of G ǫ can be described using polynomial vector fields ξ = ξ(z) ∂ ∂z (or degree ≤ 2) on the underlying vector space Z. More precisely, there is a Cartan decomposition
where the Lie algebra k ⊂ gl(Z) of K, consisting of all Jordan triple derivations of Z, is identified with a space of linear vector fields, whereas the Lie triple system p ǫ consists of all non-linear vector fields
The projection g ǫ → k is realized as the derivative
at the origin o = 0 ∈ Z. One can show that exp v ǫ = t ǫ w , where w := tan ǫ v ∈ M ǫ is given by a "tangent" power series defined via the Jordan triple calculus [Lo] .
Proposition 6.1. In the symmetric case the tautological connection Θ 0 induced by the Cartan decomposition (6.2) satisfies
Since the linear map c(d e R M o ) commutes with taking the ∂ t -derivative, it follows that
, since applying the product rule to the quadratic term yields a term g 0 (0) = 0.. Thus
and hence
It follows that
Now we consider the case where M = G/K is an (irreducible) hermitian symmetric space. In this case Z is a complex hermitian Jordan triple, G − is the identity component of the real Lie group of all biholomorphic automorphisms of M − , and G + is the identity component of the biholomorphic isometry group of M + , i.e., the biholomorphic automorphisms of M + that preserve the Kähler metric. Both Lie groups are semi-simple. The identity (6.3) can be polarized and hence defines the Jordan triple product in terms of the curvature tensor at the base point o.
Proposition 6.3. In the hermitian symmetric case, the tautological complexion J 0 is integrable.
Proof. By Corollary 5.3 we have to show that the curvature 2-form K 0 of the tautological connexion Θ 0 has vanishing (0, 2)-part. By invariance under G × H it suffices to consider the base point e|e . The R-bilinear map K which is the same for the compact, non-compact and flat case. Our principal result, concerning the classification of holomorphic principal fibre bundles and the duality between the compact and non-compact case, may be generalized to this setting [BU] . Another important problem, of interest in quantization theory, is the explicit construction of Dolbeault cohomology operators depending on the given complex structure, in the symmetric case or the more general setting outlined above. A first step towards this goal is a more explicit realization of the classifying space of holomorphic principal fibre bundles, described in Theorem (6.5) in the symmetric case. According to (6.4), the basic case H = GL n (C) involves pairwise commuting n × nmatrices B 1 , . . . , B d , where d = dim C G/K, modulo joint conjugation; already a quite complicated object in algebraic geometry. Finally, the whole construction depends on the underlying invariant complex structure j of N = G/C which may not be unique if C is a proper subgroup of K. Analogous to the Narasimhan-Seshadri Theorem for Riemann surfaces, the moduli space of invariant complex structures may carry a canonical projectively flat connexion on the bundle of holomorphic sections.
